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a b s t r a c t

In the present study, a phenomenological model of deep-bed filtration is suggested. It combines an
advection-dispersion equation with an equation of nonlinear multistage accumulation kinetics. The
model includes dispersion and accounts for temporal and spatial changes in media porosity.

It is suggested that at any location inside the column the filter deposit is formed first as an irreversible
eywords:
eep-bed filtration
orous media
athematical modeling

ccumulation kinetics

ripening layer, followed by formation of reversible deposit during the operable stage. The latter continues
until the deposit reaches locally its maximum value. Then, filter breakthrough takes place.

The equations are solved numerically, using an explicit finite-difference scheme. The results com-
pare favorably with laboratory experiments at an EPA facility, and with field experiments performed by
Mekorot–Israeli Water Company.
article
acked bed

. Introduction

Rapid granular filtration is one of the widely implemented treat-
ent methods for relatively dilute aqueous suspensions. In this
ethod, the grains of a porous medium, like sand, anthracite, tuff,

tc., adsorb up to 85% by mass of suspended particles [1], trans-
orted by water inside the filter bed. To ensure a high quality of
he tap water, it is essential to understand filtration kinetics and to
redict filter performance through physically sound modeling.

The beginning of deep-bed filtration theory dates back to more
han a half-century ago and is associated with the works of Iwasaki
2] and Minz [3]. Filtration models are commonly classified as phe-
omenological, stochastic or trajectory ones [4]. In spite of the

act that the latter are better justified, their practical application is
imited to simple geometric representations that reflect clean bed
onditions only. Experimental validation of the trajectory models
ften has limited success, thus requiring introduction of numerous
mpirical coefficients, typical of stochastic and phenomenological
odels, whereas the latter ones often incorporate implicitly some

nformation about the stochastic aspects of mass transfer.
The deep-bed filtration can basically be viewed on a macro-
copic or microscopic level. The microscopic view is usually
resented as a sequence of transport and attachment steps where
he transport is discussed in view of five transport mechanisms,
amely interception, inertia, diffusion, sedimentation and local tur-
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bulence [5] and the attachment is viewed through the van der
Waals attraction and electrostatic repulsion of two entities, a par-
ticle and a media grain. This allows obtaining a “filter coefficient”
which is then introduced into a macroscopic model. State-of-the art
of the macroscopic filtration modeling of hydrosols and aerosols is
presented in a recent book by Tien and Ramarao [6]. Apparently,
such models are widely used also in petroleum engineering. For
instance, Guedes et al. [7] analyze deep-bed filtration under multi-
ple particle-capture mechanisms and conclude that it is possible to
reflect them in a single coefficient. A review paper by Zamani and
Maini [8] analyzes microscopic and macroscopic models, discussing
advantages of the latter in prediction of the removal efficiency of
deep-bed filtration process. It is stated that predicting the filter
performance by a macroscopic model requires the knowledge of
filter coefficient, which can be obtained by using a search optimiza-
tion technique along with effluent concentration history. Alvarez
et al. [9] argue that the filtration function, which is the fraction of
particles captured per unit particle path length, cannot be mea-
sured directly and thus must be calculated indirectly by solving
inverse problems. As the practical petroleum and environmental
engineering situations require knowledge of particle penetration
depth, they determine this quantity from effluent concentration
histories measured in one-dimensional laboratory experiments.

Macroscopically, filtration process may be described as a change

in concentration, C, of the suspended particles with time, t, whereas
a local mass conservation law is combined with an accumula-
tion kinetics’ equation. The kinetic equation for particle capturing
process is generally expressed as ∂�/∂t = F (C, �), where � is the
specific deposit, defined as the amount of material deposited per

dx.doi.org/10.1016/j.cej.2010.07.044
http://www.sciencedirect.com/science/journal/13858947
http://www.elsevier.com/locate/cej
mailto:gitis@bgu.ac.il
dx.doi.org/10.1016/j.cej.2010.07.044
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Nomenclature

aL coefficient of longitudinal dispersivity, m
C mass concentration of particles in suspension,

kg/m3

dc average diameter of filter grain, m
dp average particle diameter, m
D effective dispersion coefficient, m2/h
j particle flux, kg/m2 h
Ka attachment rate coefficient in the operable stage,

1/m
Kd detachment rate coefficient in the operable stage,

1/h
Kr attachment rate coefficient in the ripening stage,

1/m
L filter depth, m
t time, h
u longitudinal approach velocity, m/h
z position in the column measured as a distance in

longitudinal direction (direction of flow), m

Greek letters
� diffusion number in numerical scheme
� Courant number in numerical scheme
ε local bed porosity at time t
� filter coefficient, 1/m
� absolute viscosity of suspension, kg/m h
	 density of particle material, kg/m3

� specific deposit, kg/m3

�r transient specific deposit, kg/m3

�u ultimate specific deposit, kg/m3

Operator
B̃ dimensionless form of variable B

u
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(

t
fi
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m
s
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fl

Subscript
0 initial value

nit volume of the filter. An analysis of the existing literature shows
6,10] that there exist two alternative approaches to F(C,�), which
eflect the accumulation kinetics:

1) Irreversible accumulation, meaning that a suspended particle,
once retained by the porous bed, is never entrained by the
flow again [2,11–14]. The respective equations of attachment
kinetics of this type have the general form of ∂�/∂ t = �Cu, with
various models differing in the way of specifying the filter coef-
ficient, �. Generally, � is not constant throughout the filtration
process.

2) Reversible accumulation, meaning that a suspended par-
ticle is alternately deposited and ripped off by the flow
[3,15]. The respective equation of accumulation kinetics is
∂�/∂ t = KauC − Kd�, with the phenomenological attachment
and detachment coefficients, Ka and Kd, specified empirically.

The main difference between the two approaches lies in their
reatment of an experimentally evidenced breakthrough stage of
ltration, where the presence of suspended particles increases [16].
ccording to the first approach, the breakthrough occurs when the

edia pores become so narrow that under constant feed the inter-

titial velocity does not allow the suspended particles to adhere
11,17]. The second approach implies that tearing of discrete (orig-
nal) particles off the deposit by shear forces is as obvious as in
occulation [18].
g Journal 163 (2010) 78–85 79

The models reported in the literature have greatly enhanced
our understanding of the mechanisms behind deep-bed filtration
and provided useful insights in specific practical applications. An
analysis of the literature shows, however, that the existing models
are mutually excluding: they imply that the filtration cycle con-
tains either the ripening and operation stages, as in an irreversible
deposition mode, or operation and breakthrough stages, as in a
reversible deposition mode. Thus, each of these two approaches
disregards one of the stages of the filtration process evidenced from
the experiments [16]. Being aware of this problem, the followers of
the irreversible approach introduced complex filtration coefficients
[5] that at a certain level of the specific deposit caused decrease in
filtration efficiency, in order to account for the breakthrough stage.
On the other hand, in the reversible deposition models a dashed
line is commonly hand-added to the predicted filtration curves in
order to reflect the excluded ripening stage [15]. Thus, in any of
the approaches the full filtration cycle was not predicted or at least
reflected. As a result, an accurate representation of the entire cycle
was difficult if not impossible [19].

The model suggested herein fuses the kinetic approaches previ-
ously viewed as mutually excluding. It comprises two differential
equations: a full mass balance equation and a multistage-kinetics
equation. Specifically, at any given depth inside the filter, the model
differentiates between the following three stages in the accumula-
tion of suspended particles:

(1) Ripening stage – irreversible formation of deposit monolayer
on filter medium.

(2) Operable stage – consequent reversible deposit growth.
(3) Breakthrough stage – halt of further accumulation upon reach-

ing, locally, a certain amount of the deposited material.

A closed system of coupled partial and ordinary differen-
tial equations, with appropriate boundary and initial conditions,
is solved numerically by the method of finite differences. The
results of the full numerical solution are analyzed and com-
pared with the performance of a laboratory-scale filtration plant
which was designed and constructed specifically for this task. In
addition, the model predictions are compared with the data of
field experiments performed by the Mekorot Water Company in
Israel.

2. Model

The model suggested herein is based on the following physi-
cal picture. An aqueous dilute colloidal suspension is fed through
a filter bed which initially contains no deposit. At the begin-
ning, passing colloids may settle as separate particles covering
filter grains with a monolayer deposit [14]. This is the ripening
stage recognized in filtration concentration plots by relatively low
retention. The ripening lasts until the upstream surface of media
grains becomes coated with single particles, or until the occasional
dendrites formed on the grains evolve into a monolayer through
proliferation onto the uncovered part of the grain surface [13,20].
Once the born particles start to interact primarily with the pre-
viously deposited ones, the retention efficiency increases and the
filtration cycle is entering the operable stage. Here, both attach-
ment of the suspended particles and their re-entrainment by the
flow occur in parallel [21]. The transition from the irreversible to
reversible deposition mode takes place when the specific deposit

attains a prescribed transitional value, �r.

Since the volume of particles that can be hold by the filter is
finite, eventually a saturation stage is achieved when the bed local
specific deposit reaches its maximum feasible value, �u. From this
moment on, it is assumed that further accumulation effectively
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tops at that location, and thus any suspended particles are only
ransferred along the transport channels formed in the bed [22,23].

The approach adopted in the present study is based on the
ssumption that particle concentration in the stream, C, is uni-
orm across the filter cross-section. Also, the approach velocity,
, is assumed to be uniform. Accordingly, the expected specific
eposit, �, is uniform across the cross-section, too. These common
ssumptions mean that the present model is one-dimensional in
pace, i.e. both the concentration and specific deposit depend on
he z-coordinate, which denotes the filter depth, and also on time.

Each filter bed slice between the cross-sections at z and z + 
z
s characterized by mass balance comprised by the following four
actors: incoming particle flux jz, outcoming particle flux jz+
z, rate
f particle deposition/re-entrainment ∂�/∂t, and the resulting rate
f change of particle concentration in the feed, ∂C/∂t. Accordingly,
he species conservation equation attains the following form:

∂εC

∂t
+ ∂�

∂t
= − ∂

∂z
j (1)

It is important to note that the first term on the left-hand side
f Eq. (1) includes also the local porosity, ε, and this in order to take
nto account the changes in the fluid volume due to the increasing
eposit. It is obvious that ε is time-dependent at any location inside
he bed.

The particle flux, j, includes both dispersion and convection con-
ributions:

= uC − εD
∂C

∂z
(2)

here D is the effective dispersion coefficient.
The outlined above three different stages of filtration are

escribed by the following kinetic equation for the accumulation
ate, ∂�/∂t:

∂�def

∂t
=

{
KruC
KauC − Kd�
0

when
0 < � ≤ �r

�r < � < �u

� = �u

(3)

here Kr is the attachment rate coefficient at the ripening stage;
a is the attachment rate coefficient at the operable stage; Kd is the
etachment rate coefficient at the operable stage; �r is a thresh-
ld specific deposit value, corresponding to the transition from
he ripening to the operable stage; and �u is the ultimate specific
eposit value, which indicates the filter retention capacity limit. It

s important to emphasize that the values of � are compared to the
reset limits, �r and �u, locally, reflecting the real situation in which
arious stages coexist inside the filter bed at the same instant,
epending on the cross-section location. It is worth to note also
hat the expression of Eq. (3) defines the general case of multistage
ransition and might be reduced to particular cases of irreversible
nd reversible attachment [15,24].

The local porosity, ε, is related to its initial value ε0 and the
pecific deposit � through the relation

= ε0 − �

	
(4)

here 	 is the physical deposit layer density, assumed constant for
implicity.

Eqs. (1–4) form a closed system of coupled partial and ordinary
ifferential equations for C(z,t) and �(z,t), which requires a set of
ppropriate boundary and initial conditions. Reflecting a constant
r near constant concentration of impurities in the feed water taken
rom a large reservoir, a specific, constant concentration of particles

n the feed suspension is assumed at the entrance to the column:

= C0 at z = 0, t > 0 (5)

The Danckwerts exit criterion [25], which assumes that there is
o concentration change at the exit from the filter bed, is adopted
g Journal 163 (2010) 78–85

as the second boundary condition:

∂C

∂z
= 0 at z = L, t > 0 (6)

The initial conditions correspond to a clean bed before the fil-
tration starts:

C(z, 0) = 0 (7)

�(z, 0) = 0 (8)

The complete model presented above requires a numerical solu-
tion, which will be discussed in the next section. We note that upon
setting D = 0, ε = const, �r → ∞, the system of Eqs. (1–4) is reduced
to the much simpler case of a linear attachment-advection model.
The latter yields a classical Cauchy problem for a first-order linear
hyperbolic equation, and may be solved in a straightforward man-
ner by the method of characteristics [26]. However, such solution
would be practically limited to the first filtration stage.

3. Numerical solution

The initial/boundary value problem, defined by Eqs. (1–8), is
solved numerically by the method of finite differences. For this
purpose, the equations are rendered dimensionless, using the fol-
lowing definitions:

z̃ = z

L
t̃ = ut

L

�̃ = �

C0
C̃ = C

C0

(9)

where L is the filter length, u is the approach velocity, and C0 is the
concentration at the entrance to the filter.

An explicit algorithm is used for the numerical solution. From
the stability considerations, a backward–forward finite-difference
scheme has been chosen, with the first-order backward advective
derivative and forward time derivative. The dispersion term was
approximated using a second-order central difference scheme. The
specific deposit � was calculated by a fourth-order Runge–Kutta
scheme [27]. The filter length was subdivided into 100 equal grid
steps.

To ensure stability of the implemented scheme, the time step
is limited by the criteria based on the Courant number, � , and
diffusion number, �, respectively defined as:

� = 
t̃


z̃

� = 1
Pe


t̃


z̃2
(10)

where 
t̃ and 
z̃ are the dimensionless time and space steps,
respectively, and the “numerical” mass Peclet number is defined
as Pe = u
z/D, according to [28,29]. It has been found empirically
that in order to ensure stability, the values of � and � must be
smaller than 0.4, which is slightly more conservative than � < 1 and
� < 0.5 found in the literature [29].

Data input for each numerical simulation includes the filter
depth, approach velocity and approximate run time. The computer
code is written in Visual C++.

As shown in the previous section, formulation of the problem
requires determination of a number of quantities, including the

hydrodynamic dispersion coefficient, D, attachment rate coeffi-
cients in the ripening and operable stages, Kr and Ka, respectively,
detachment rate coefficient in the operable stage, Kd, threshold spe-
cific deposit, �r, and ultimate specific deposit, �u. The values of
these parameters are assigned based on the literature, even though
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Table 1
Parameter values used in the test runs.

Parameter Units The range The references

Initial porosity ε – 0.4 0.41 [38]
0.39 [39]
0.35 [40]

Attachment rate coefficient in the ripening stage Kr 1/m 0.8–2.5 3.1 [32]
1.5 [33]

Attachment rate coefficient in the operable stage Ka 1/m 6–9 10–12 [41]
5–12 [42]
12–15 [15]
3–150 [40]
10–90 [43]
20–30 [44]

Detachment rate coefficient in the operable stage Kd 1/h 2 × 10−4–2 × 10−3 1.5 × 10−4–2 × 10−4 [42]
1.5 × 10−3 [45]
1.3 × 10−6 [15]
2.2 × 10−5–1.6 × 10−3 [40]

Transient specific deposit �r mg/cm3 0.1–0.35
Ultimate specific deposit � mg/cm3 9.5–20 130 [14]
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tion/flocculation regime and several other factors. The only model
that considered the deposition mode transition was suggested by
Tien et al. [14], who indicated that the pores were blocked at
50 mg/cm3. It was suggested to determine the value of �u based
u

heir accuracy may be questionable [5]. The values found in the lit-
rature are summarized in Table 1. One can see that each parameter
s represented by a range rather than by a specific value.

The hydrodynamic dispersion coefficient, D, can be estimated as

∼aLu (11)

here aL is the coefficient of longitudinal dispersivity. It was found
xperimentally that it is of the order of magnitude of the average
and grain size [30]. For instance, for the grain diameter of 1 mm,
e have aL ∼ 10−3 m, which for the typical approach velocities of

everal dozens of meters per hour yields D ∼ 10−6–10−5 m2/s.
In the suggested model, ripening is a fast irreversible process

haracterized by interactions between particles and media grains.
ccordingly, the attachment rate coefficient, Kr, may be assumed
onstant throughout this stage. This is different from the previ-
us models [11,13,31], where the particle–particle collisions are
ssumed to determine the entire run, thus prescribing changes
n the filtration coefficient even during the ripening stage. The
ssumption of constant Kr allows its computation based on the
nitial filter coefficient for a clean bed, �0. For this purpose, the tra-
ectory models of Choo and Tien [32] and Rajagopalan and Tien [33]

ere used. For the conditions defined in the caption of Fig. 1, the
alues of Kr = 3.1 and 1.5 m−1 were obtained. Based on these results
nd on a comparison with experimental data, the values in a range
f 0.8–2.5 m−1 were used for Kr in our calculations, as presented in
able 1.

The attachment rate coefficient at the reversible growth stage,
a, is higher than Kr. This result, evident from a general form of the
oncentration plot and generally agreed among the researchers, is
aused by a transition from particle–bed interactions at the ripen-
ng stage to particle–particle interactions at the operable stage.

hereas the previous models were based on a continuous improve-
ent of the filter coefficient as a function of the specific deposit,
e assume that there is no significant change in the attachment

ate coefficient within a certain stage. Therefore, the attachment
ate coefficient at the reversible growth stage, Ka, is considered
onstant. Table 1 summarizes its values reported in the literature.
ne can see that considerable deviations exist between the results

eported by different researchers.

Although some expressions for the detachment rate coefficient,

d, are suggested in the literature [34], its experimentally found
alues fluctuate significantly between various filtration sites as a
esult of the differences in suspension composition, filter material,
ltration regime, and a variety of other factors. In the current study,
42–60 [39]
20–70 [15]

the values of Kd were estimated by averaging its values reported in
the literature for the models with reversible deposition kinetics
[3,15], see Table 1.

It is quite difficult to evaluate the specific deposit threshold
value, �r, in the absence of direct experimental data. Based on phys-
ical considerations, its order of magnitude can be estimated for
given conditions assuming that it corresponds to the most dense
particle monolayer on the upper half of grain surface. For instance,
for the grain diameter of 1 mm and particle diameter of 1 �m, the
value of �r would not exceed 0.5 mg/cm3, i.e. the order of unity
when expressed in milligrams per cubic centimeter.

Whereas the operable stage is characterized by an increase in
the effective hydraulic diameter of the grain due to the attached
deposit, the subsequent breakthrough stage involves formation
of transport channels inside the filter bed. This transition occurs
locally when the specific deposit reaches the threshold value,
�u, which depends on media grain, filtration velocity, coagula-
Fig. 1. Calculated distribution of residual concentration in filter depth for
time periods of 0.4, 10, 40, 50, 60, 70, 80 h. Parameter values: u = 10 m/h;
L = 1 m; C0 = 10 mg/L = 0.01 mg/cm3; D = 2.8 × 10−4 m2/s; dp = 10 �m = 10−5 m;
dg = 1mm = 10−3 m; � = 10−3 kg/m/s (20 ◦C); 	w = 998.2 kg/m3 (20 ◦C);
	p = 1500 kg/m3; ε0 = 0.4; Kr = 0.8 1/m; Ka = 7.5 1/m; Kd = 2 × 10−4 1/m;
�r = 0.2 kg/m3; �u = 20.0 kg/m3 = 20.0 mg/cm3.
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tion of bed depth for various instants, are depicted in Fig. 2. The
presented data allow direct tracking of the three-stage deposition
ig. 2. Calculated distribution of specific deposit in filter depth for time periods of
.4, 10, 20, 30, 50, 80 h. Parameter values are similar to those detailed for Fig. 1.

n the best-fit method. The experimentally found values were in
he range of 9.5–20 mg/cm3.

. Test runs of the model

The presented above model was run to obtain the results shown
n Figs. 1–5. A hypothetical 1-m-deep column, fed with a dilute
olution at the approach velocity of 10 m/h, was simulated using
he parameters listed in Table 1. Simulations included effects on
article removal and specific deposit accumulation of such parame-
ers as the run time, suspended particles’ concentration, bed depth,
eposit layer density, initial bed porosity, attachment rate coeffi-
ients in the ripening and operable stages, Kr and Ka, respectively,
etachment rate coefficient in the operable stage, Kd, transient spe-
ific deposit, �r, and ultimate specific deposit, �u. Some essential
ndings are presented in Figs. 1–5. It is worth to note that the
urves in these figures reflect the well-known filter operation curve
bserved in experiments and reported in the literature. Recall that
he full curve generally has three stages: ripening, efficient filtra-
ion and breakthrough [16]. The calculated curves, presented in
igs. 1–5, are intentionally focused on specific stages of filtration,

nd thus not necessarily represent the entire cycle. This is done in
rder to allow a discussion of subtle details.

Fig. 1 shows the local concentration as a function of the depth for
arious instants ranged from 24 min (0.4 h) to 80 h. The observed

ig. 3. Calculated residual concentration as a function of run time for depths of 0.04,
.2, 0.5, 0.75 m. Parameter values are similar to those detailed for Fig. 1.
Fig. 4. Calculated specific deposit as a function of run time for depths of 0.04, 0.2,
0.5, 0.75 m. Parameter values are similar to those detailed for Fig. 1.

curves can be subdivided into three cases: an almost linear decrease
from the entrance to the column, observed at 0.4 h; an exponen-
tial decrease from the entrance to the column, observed at 10, 40,
50 and 60 h; and an exponential decrease which starts somewhere
inside the column, observed at 70 and 80 h. Here, the linear decrease
at 0.4 h corresponds to the first, irreversible, filtration stage that is
characterized by minor changes in the deposit along the filter. The
curves at 10, 40, 50 and 60 h correspond to the second, operable,
filtration stage for the entire filter. Here, the specific deposit value
exceeds �r = 0.2 mg/cm3 but does not reach �u = 20 mg/cm3. Finally,
the curves for 70 and 80 h correspond to a situation in which a sig-
nificant amount of the sediment had been accumulated in the filter.
As a result, no changes in the residual concentration are observed
in the filter part located close to the entrance. In Fig. 1, the depths of
0.2 and 0.3 m, for 70 and 80 h respectively, have only a minor effect
on the residual concentration. This observation corresponds to the
specific deposit saturation, �u, achieved at a given depth, meaning
that the corresponding part of the filter only transfers the particles
while their concentration is not affected.

The corresponding changes in the specific deposit, �, as a func-
kinetics. For example, the plot shows that the specific deposit at
0.4 h is lower than �r = 0.2 mg/cm3 and, accordingly, the deposition
evolves slowly. At 10, 20, and 30 h of filtration, the rate of depo-

Fig. 5. Calculated residual concentration as a function of run time for various Kd/Ka

ratios. Parameter values are similar to those detailed for Fig. 1 except for Kd values
of 0.75, 0.25, 0.15, 0.075, 0.0075, 0.00075 1/m.
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Fig. 7. Experimental data (dots) and model prediction (curves) for the experi-
ments performed at US EPA T&E Facility for bed depths of 0.82, 1.02 and 1.62 m.
Parameter values: u = 10 m/h; L = 1.62 m; Kr = 1.2 1/m; Ka = 7.5 1/m; Kd = 5 × 10−3 1/h;
�r = 0.2 mg/cm3; �u = 20.0 mg/cm3.

by volumetric measurements, was 0.44. The size and characteris-
tics of the set-up were chosen in order to reflect practical filtration
conditions. In particular, the filter had to be deep enough to allow
the overall filtration parameters to be valid. On the other hand,
ig. 6. Experimental data (dots) and model prediction (curves) for the experi-
ents performed at US EPA T&E Facility for bed depths of 0.82, 1.02 and 1.62 m.

arameter values: u = 10 m/h; L = 1.62 m; Kr = 2.5 1/m; Ka = 9 1/m; Kd = 5 × 10−3 1/h;
r = 0.35 mg/cm3; �u = 20.0 mg/cm3.

ition increases yet the entire filter is in the operable stage. After
0 h, the retention capacity of the top 5 cm layer exceeds the set �u

evel of 20 mg/cm3. Referring to Fig. 1, this means that the residual
oncentration in the upper 5 cm of the filter does not change. The
eeper lying layers of the column are taken out of action one after
he other. As a result, the retaining effect of the column deteriorates.
his is reflected in a gradual increase in the residual concentration
t a given location within the column, which lasts until the con-
entration at that location is the same as at the entrance, meaning
hat the entire part of the column between the entrance and the
ocation concerned is saturated.

Fig. 3 shows the concentration vs. time, while the depth serves
s the parameter. One can see that for any given depth, the concen-
ration first decreases steeply, then remains practically constant,
nd finally increases back to its maximum value. Actually, the first
tage precedes the steep decrease, which indicates that the transi-
ion to reversible accumulation has begun. The curves for different
epths are similar, but it is obvious that deeper into the column

ower concentrations are reached, and this is because of filtration
y a thicker bed. For any depth, the concentration eventually attains
he same value as at the entrance, but this happens much later for
eeper locations. As follows from Fig. 4, the deposit at any given
epth also reaches its maximum value eventually, first close to the
ntrance and then throughout the filter towards the exit.

Fig. 5 shows an effect of the detachment-attachment ratio, Kd/Ka,
n the concentration at the exit. It is obvious that the lower this
atio, the lower the concentration achieved, and the longer the time
or which the concentration remains at its minimum. Thus, Figs. 1–5
ndicate that the model yields physically meaningful predictions of

ell-established filtration stages [16].

. Comparison with experiments

Two types of comparisons are presented in Figs. 6–9, and this
n order to demonstrate the ability of the model to predict the fil-
ration results under a broad variety of experimental conditions.
igs. 6 and 7 present the laboratory experiments, whereas the
esults of Figs. 8 and 9 have been obtained in field experiments
erformed by the Mekorot Water Company at Eshkol site [35].
The experiments reflected in Figs. 6 and 7 have been per-
ormed by Gitis [36,37] at U.S. EPA Test and Evaluation (T&E)
acility in Cincinnati, Ohio. A special pilot-scale filtration system
as designed and built. A 2.6 m high, 0.17 m in diameter acrylic

ransparent filter column had 9 sampling and 9 pressure ports,
Fig. 8. Experimental data (dots) and model prediction (curves) for the experiments
performed by Mekorot. Parameter values: u = 25 m/h; L = 1.7 m; Kr = 0.5–0.7 1/m;
Ka = 8.5–9 1/m; Kd = 2 × 10−3 1/h; �r = 0.1 mg/cm3; �u = 9.5–10.2 mg/cm3.

located in pairs from opposite sides of the column. Sampling points
were inserted 0.05 m inside the column to avoid wall effect that
misinterprets filtrate quality. The column was packed with 1.6 m
of uniform size sand having geometric mean diameter of 1.05 mm
and uniformity coefficient of 1.55. The media porosity, determined
Fig. 9. Experimental data (dots) and model prediction (curves) for the experiments
performed by Mekorot. Parameter values: u = 20 m/h; L = 1.7 m; Kr = 0.6–1.2 1/m;
Ka = 6–7 1/m; Kd = 2 × 10−3 1/h; �r = 0.1–0.2 mg/cm3; �u = 12–12.5 mg/cm3.
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he above mentioned 9 sampling and 9 pressure ports allowed to
onitor smaller depths during the same runs.
A slurry, which consisted of Kaolin clay particles and Cincin-

ati tap water, was pumped into a 1000 L cross-linked polyethylene
XLPE)-made feed tank. Suspension in the tank was kept completely

ixed by using a high-speed mixer. A centrifugal pump was used
o lift the suspension into a 100 L head tank located 3.6 m above the
ltration column. Water level in the feed tank was maintained at a
onstant height by an overflow line returning the suspension to the
eed tank. The column was operated at a constant flow rate of 5 and
0 m/h, under the contact (in-line) filtration mode in the conven-
ional downward direction. The filtration velocity was controlled
nd adjusted by a flowmeter connected to the column outlet. Imme-
iately after each run, filter was backwashed for 1 min by airflow
t 200 kN/m2, and then for 10 min by a reversed flow of Cincinnati
ap water at 1.1 L/s.

Figs. 6 and 7 show the residual concentration evolution at three
ifferent bed depths: 0.82, 1.02 and 1.62 m, for two different experi-
ental runs. A typical numerical run takes about an hour and a half

n a PC, which may be considered as relatively fast. One can see
hat a reasonable agreement is achieved between the model pre-
ictions and the experiments, with the following values of model
arameters: Kr = 2.5 and 1.2 1/m, Ka = 9 and 7.5 1/m, �r = 0.35 and
.2 mg/cm3 for Figs. 6 and 7, respectively, Kd = 0.005 1/h, u = 10 m/h,
nd �u = 20 mg/cm3. In particular, the first two stages of filtra-
ion, irreversible and operable, are clearly observed. It can be seen
hat, although an explicit scheme is used, no oscillating or non-

onotonic profiles are encountered. We note that the runs were
ot sufficiently long to achieve the third, breakthrough, stage.

In Fig. 8, the model is compared to two different field exper-
ments. The filtration velocity is 25 m/h. One can see that a good
greement between the predictions and the experimental results
s achieved for the entire filtration process with the following
arameters: u = 25 m/h, L = 1.7 m, Kr = 0.5–0.7 1/m, Ka = 8.5–9 1/m,
d = 2 × 10−3 1/h, �r = 0.1 mg/cm3, �u = 9.5–10.2 mg/cm3. In partic-
lar, it appears that the model predicts the late stage of the process
ather accurately.

In Fig. 9, the model is compared to the field experiments repre-
ented by two different runs in the same filtration column. Again,
good agreement is observed. It is worth to note that the values

f the parameters used in the simulations are the same as in Fig. 8,
xcept for Ka and �u, which also are rather close (9 vs. 7 and 10.2 vs.
2.5, respectively). These differences, which probably reflect varia-
ions that exist in the industrial system used in the experiments, do
ot contradict to the general applicability of the model presented
erein.

. Conclusions

In the present study, a phenomenological model of deep-bed fil-
ration is suggested. It combines an advection-dispersion equation
ith an equation of nonlinear multistage accumulation kinetics. It

s assumed that at any location inside the column, the filter deposit
s formed first as an irreversible ripening layer, followed by the
ormation of a reversible deposit during the operable stage. The lat-
er continues until the deposit reaches locally its maximum value.
hen, filter breakthrough takes place. Thus, the suggested model is
ble to represent the entire filtration cycle. The model also includes
ispersion and accounts for temporal and spatial changes in media
orosity.
The equations have been solved numerically, using an explicit
nite-difference scheme. The parameter values were set in the
anges reported in the literature. Time and space dependence of
he residual concentration and specific deposit are revealed. Fur-
hermore, predictions of the model are compared with the available

[

[
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experimental data. The results are in a good agreement with both
laboratory experiments at a U.S. EPA facility and field experiments
performed by Mekorot–Israeli Water Company.

The calculations suggest that the major parameters of the model,
which determine the general shape of the filtration curves, are
the attachment rate constant, Ka, and the lower and upper deposit
thresholds of the reversible accumulation stage, �r and �u, respec-
tively. At the same time, the other two parameters of the kinetic
model, namely the primary accumulation rate, Kr, and the detach-
ment rate, Kd, have relatively minor effects at standard filtration
conditions.
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